Abstract. We give a new proof of the theorem of Suslin-Voevodsky which shows that the Bloch-Kato conjecture implies a portion of the BeilinsonLichtenbaum conjectures. Our proof does not rely on resolution of singularities, and thereby extends the Suslin-Voevodsky to positive characteristic.
Introduction
The purpose of this paper is to give an alternate proof of the main result of [19] , along the lines of [10] ; our proof does not rely on resolution of singularities, hence extends the results of [19] to varieties over fields of arbitrary characteristic. The new ingredient which enables us to apply the techniques of [10] to motivic cohomology is the surjectivity result of [7] , Remark following Corollary 4.3.
Let F be a field, q ≥ 0 an integer, and m > 1 an integer prime to the characteristic of F . We have the Milnor K-group K The Bloch-Kato conjecture [3] asserts that the map ϑ q,F is an isomorphism for all F , q and m.
As described in §2.2, we will use Bloch's higher Chow groups as our definition of motivic cohomology for smooth quasi-projective k-schemes, and use the Mayer-Vietoris property of motivic cohomology to extend to schemes which are a localization of a smooth scheme of finite type over k (we call such a scheme essentially smooth over k). We use Bloch's cycle complexes to define the weight q motivic complex Γ(q) X , as an object in the derived category of Zariski sheaves on an essentially smooth k-scheme X.
For an essentially smooth scheme X over a field k of characteristic prime to m, let : Xé t → X Zar be the change of topology map. We construct in §3.9 a natural cycle class map (in the derived category) m ) are surjective for all finitely generated field extensions F of k. Then the cycle class map (1.2) is a quasi-isomorphism for all essentially smooth X over k and all a with 0 ≤ a ≤ q.
In particular, under the assumption in Theorem 1.1, the map cl q : H p (R, Z/m(q)) → H ṕ et (R, µ ⊗q m ) is an isomorphism for all smooth local k-algbras R, essentially of finite type over k, and for all p ≤ q.
The conclusion of Theorem 1.1 is a part of the Beilinson-Lichtenbaum conjectures (see e.g. [12] ).
Using Voevodsky's result [21] that the Bloch-Kato conjecture is true for m a power of 2, we may apply Theorem 1.1 to extend the consequences of [21] to characteristic p > 0 Corollary 1.2. For m = 2 ν , the cycle class map (1.2) is a quasi-isomorphism for all X essentially smooth over k.
Similarly, the Merkerjev-Suslin theorem [13] (which is the Bloch-Kato conjecture for q = 2) gives as in [19] Corollary 1.3. Let k be a field, and let m be prime to char k. Then the cycle class map (1.2) is a quasi-isomorphism for all a, 0 ≤ a ≤ 2, and all X essentially smooth over k.
Prelimiaries
We recall some of the notations and results from [7] for the reader's convenience. We fix a field k.
Cycle complexes. Let ∆
n be the affine space sending n to ∆ n extends to form the cosimplicial k-scheme ∆ * . A subscheme of ∆ m defined by equations of the form t i1 = . . . = t ir = 0 is called a face of ∆ n (we consider ∆ n a face of ∆ n as well). Let X be a quasi-projective k-scheme. Bloch [1] has defined the cycle complex z q (X, * ), with z q (X, p) the subgroup of the group z q (X × ∆ n ) of codimension q cycles on X × ∆ p generated by codimension q subvarieties W of X × ∆ p such that, for each face F of ∆ p , W ∩ X × F has codimension ≥ q on X × F . For each order-preserving map g : {0 < . . . < n} → {0 < . . . < m}, and each W ∈ z q (X, m), the pull-back (id × g) * (W ) via the induced map id × g : X × ∆ n → X × ∆ m is defined and is in z q (X, n). Thus, sending m to z q (X, m) gives rise to a simplicial abelian group, and z q (X, * ) is defined as the associated chain complex. The higher Chow groups of X, CH q (X, p), are then defined as the homology CH q (X, p) := H p (z q (X, * )).
Let S be a finite set of closed subschemes of X, including X as an element. We have the subcomplex z q (X, * ) S of z q (X, * ) with z q (X, p) S being the subgroup of z q (X, p) generated by subvarieties W which intersect S ×F properly on X ×∆ p , for all S in S, and all faces F of ∆ p . If Y is in S, and S(Y ) is the subset of S consisting of those S contained in Y , we write z
If X is smooth over k and affine, then the proof of [11, Chap. II, Theorem 3.5.14], shows that the inclusion
is a quasi-isomorphism, giving a functorial pull-back map
The localization property of the higher Chow groups [2] (see §2.3 below for more details) implies that, if U := {U 1 , . . . , U n } is an open cover of a smooth quasiprojective k-scheme X, then the totalČech complex z q (U, * ) for z q (−, * ) with respect to the cover U is quasi-isomorphic to z q (X, * ) via the augmentation. This implies that, for X smooth over k, we may construct a well-defined object z q (X, * ) in the derived category D − (Ab) by taking theČech complex z q (U, * ) associated to an open cover U with the U i quasi-projective over k. If X is a localization of a smooth k-scheme X, we may define z q (X , * ) by taking the inductive limit of complexes z q (X , * ), over X ⊂ X ⊂ X, with X open in X, where we fix from the start a quasi-projective open cover of X. This enables us to extend the definition of CH q (X, p) to schemes essentially smooth over k, and the various results described above continue to hold. In particular, all the notions described above make sense for a k-scheme X of the form Spec(O X,v ), where O X,v is the local ring of a smooth quasi-projective variety X at a finite set v of closed subvarieties.
2.2. Motivic cohomology. The higher Chow groups have been incorporated into a general theory of motivic cohomology via the categorical constructions of Voevodsky [20] and the second author [11] . In case resolution of singularities holds for finite type k-schemes (e.g., k has characteristic zero), the motivic cohomology of [20] and [11] are canonically isomorphic; for smooth quasi-projective X, both theories agree with the higher Chow groups via a canonical isomorphism
Even without assuming resolution of singularities, the isomorphism (2.2) holds for the motivic cohomology of [11] (see [11, Chap. II, Theorem 3.6.6]).
We reindex Bloch's cycle complex to reflect the isomorphism (2.2), defining the cohomological cycle complex Z q (X, * ), for smooth quasi-projective X, by
and take the cohomology H p (Z q (X, * )) as the definition of the motivic cohomology H p (X, Z(q)). We define the subcomplex Z q (X, p) S similarly. Let m be an integer, and X smooth and quasi-projective. The mod m motivic cohomology, H p (X, Z/m(q)), is defined by
The mod m motivic cohomology has a natural definition via the motivic categories of [20] and [11] as well, which agrees with the definition given here, subject to the restrictions described above. As in §2.1, we may extend the definition of Z q (X, * ) to X essentially smooth over k, with the understanding that, if X is not the localization of a quasi-projective scheme over k, Z q (X, * ) is only defined as an object in D − (Ab). Similar remarks hold for the mod m complexes. This extends the definition of H p (X, Z(q)) and H p (X, Z/m(q)) to X essentially smooth over k.
2.3.
Localization. Let W be a closed subset of a quasi-projective k-scheme X, with inclusion i : W → X, and open complement j : U → X. We set
Suppose now that W has pure codimension d on X, giving us the push-forward
which is shown in [2] to be a quasi-isomorphism. Combining i W * with the standard cone sequence gives us the distinguished triangle
If X and W are smooth, we have the cohomological distinguished triangle
giving the localization sequence for motivic cohomology
resulting from the quasi-isomorphism (2.3) is the so-called Gysin isomorphism for motivic cohomology.
2.4.
Relative motivic cohomology. We describe a relative version of motivic cohomology; for simplicity, we restrict ourselves to the affine case.
Let X be a smooth affine k-scheme, essentially of finite type over k, and let Z 1 , . . . , Z n be closed subschemes. For an index I ⊂ {1, . . . , n}, let Z I := ∩ i∈I Z i . We suppose that all the Z I are smooth over k.
Let S be a finite set of closed subsets of X, containing all the Z I . Form the complex Z q (X; Z 1 , . . . , Z n , * ) S as the total complex of the double complex
with the total degree of Z q (Z I , p) S being p + |I|. Here the differential I⊂{1,... ,n} |I|=j
is a signed sum of the pull-back maps
induced by the inclusions Z I∪{i} ⊂ Z I ; the sign is (−1) l , where l is the number of j ∈ I with j > i.
The complexes Z q (X; Z 1 , . . . , Z n , * ) S for varying S are all quasi-isomorphic, since the inclusion (2.1) is a quasi-isomorphism. We will often drop the S from the notation.
The relative motivic cohomology H p (X; Z 1 , . . . , Z n , Z(q)) is defined as
the mod m version is defined similarly by
Take S to contain all the Z I . The pull-back maps
and we have the evident isomorphism
. This gives us the long exact relativization sequence
and similarly for the mod m version.
2.5. Normal crossing schemes. We describe an extension of the cycle complexes Z q (X, * ) to the simplest type of singular schemes, those formed by a union of normal crossing subschemes. Taking the component in degree 2q gives an extension to normal crossing schemes of the notion of a codimension q cycle on a smooth variety.
Let X be an essentially smooth k-scheme, Y 1 , . . . , Y n closed subschemes such that each intersection Y I is essentially smooth. Let Y be the union of the Y i . We call such a k-scheme a normal crossing scheme. Let S be a finite set of closed subsets of Y , containing all the Y I , and let S I ⊂ S be the set of those closed subsets contained in Y I . We assume that for S ∈ S, each irreducible component of S ∩ Y I is also in S; we write Z q (Y I , * ) S for Z q (Y I , * ) SI . Let Z q (Y, * ) S be the complex defined by the term-wise exactness of
where α is the sum of the maps
these in turn being the restriction map for i < j, and minus the restriction map for i > j. If we take S to be the set of irreducible components of all the Y I , we write
Y → Y be a morphism of normal crossing schemes, and take S and S to be the minimal choices, i.e., S is the set of irreducible components of all the Y I , and similarly for S . Assume that the restriction of f to each Y I factors as :
with the projection
gives the map
The sum of f i then gives a well-defined pull-back map
independent of the choice of the j(i). This extends the assignment Y → Z q (Y, * ) to a functor on the category of normal crossing k-schemes, with morphisms admitting a factorization as above.
If we enlarge the subset S, we get an expanded functoriality, but it is not clear that the inclusion
S for normal crossing Y will play only a technical and auxiliary role in our argument, and we will never require that the cohomology H * (Z q (Y, * ) S ) is independent of the choice of S.
If Z 1 , . . . , Z m are normal crossing subschemes of Y , and if S is chosen appropriately, we will have the relative cycle complex Z q (Y ; Z 1 . . . , Z n , * ) S defined as in §2.4 for the smooth case.
We define a relative version Z q (Y ; T, * ) ker S , where T is a subset of {Y 1 , . . . , Y n }, by taking the kernel of the projection
The complexes Z q (Y ; T, * ) ker have the functoriality similar to Z q (Y, * ), with the obvious additional condition that, in order for f
ker to be defined, one requires that, for each
T, * ) S by the inclusion gives the natural inclusion of complexes
Cycle maps
We describe the cycle class map from motivic cohomology toétale cohomology, as well as a relative version.
3.1. Functor complexes. Let Sch k denote the category of k-schemes, essentially of finite type over k, and let C be a subcategory of Sch k . Suppose we have a functor F : C op → C(Ab), where C(Ab) is the additive category of cohomological complexes of abelian groups (with maps degree zero maps of complexes). We let F N denote the canonical truncation τ ≤N F .
Let ∆ denote the category of order-preserving maps of the sets [n] := {0 < . . . < n}, n = 0, 1, . . . . For a simplicial abelian group A : ∆ op → Ab, we view the associated chain complex as a cohomological complex A * in negative degrees, i.e.,
, with differential the usual alternating sum. Similarly, for a simplicial object F : ∆ op → C(Ab), we have the double complex F * * , with
. For a cosimplicial scheme in C, X * : ∆ → C, we have the simplicial object n → F (X n ) N of C(Ab); we let F (X * ) N denote the total complex of the associated double complex.
Let F (X * ) be the inductive limit
Sending X * to F (X * ) or F (X * ) N defines a contravariant functor from the category of cosimplicial objects of C to C(Ab), natural in F . We have convergent spectral sequences
In particular, if φ : F → G is a natural transformation with φ(i) a quasi-isomorphism for each i ∈ C (for short, a quasi-isomorphism), then φ induces isomorphisms
. Also, if X * is a constant cosimplicial scheme with value X, then the augmentation induces quasiisomorphisms
with Y * I the cosimplicial closed subscheme n → Y n I , and the maps in the above complex defined as in §2.4. We set
. Replacing F N with F (or equivalently, taking the inductive limit over N ) we have the complexes
induced by the projection is a quasi-isomorphism for all X. If F is homotopy invariant, then, for X * = X × ∆ * , the spectral sequences (3.1) and (3.1) have E p,q 2 = 0 for p < 0 and E 0,q 2 = H q (F (X)). One sees thereby that the augmentations Explicitly, z q (Y ) S is the kernel of the map
S consisting of cycles with support in W . We omit the S from the notation if S is the minimal choice, i.e., the set of all the Y I .
If we take C to be the subcategory of Sch k formed by the cosimplicial scheme Y × ∆ * , we form as in (2) the functor z q : C → Ab, giving the identity
Similarly, if Z 1 , . . . , Z n closed subschemes of Y such that each Z I is a normal crossing scheme, let C be the category with the objects and morphisms defined as in (2) for the smooth case. We have the functor z q S : C → Ab as in (2), and the identity
3.4. Cohomology with support. Take k to be a perfect field, let X be a smooth k-variety, and W a closed subset of X of codimension ≥ q. We denote the group of codimension q cycles on X with support in W by z q W (X).
Remark 3.5. We require that k be perfect so that a reduced closed subscheme W of X has a stratification by locally closed subschemes which are smooth over k, which enables us to use the standard purity results forétale cohomology. At the end of the day, we will remove this hypothesis by a limit argument.
Let m be an integer prime to the characteristic of k. By the purity theorem foŕ etale cohomology [14, Chap. VI, Theorem 5.1], there is a canonical isomorphism 
More generally, suppose that Y is a normal crossing subscheme of a smooth kscheme X, with irreducible components T 1 , . . . , T r . Let W be a closed subset of Y . For each index J, set
is exact, where α is defined as in §2.4 
of Example 3.3, and its truncations
Let X be a reduced k-scheme, and S a finite set of closed subsets of X, with X ∈ S. Let S 0 be a subset of S consisting of schemes equi-dimensional over k. Let C(S 0 , S) be the subcategory of Sch k with objects the schemes of the form S × ∆ m , with S ∈ S 0 . A morphism S × ∆ m → T × ∆ l is a map of the form i × g, with i : S → T an inclusion, and with g :
S be the set of closed subsets W of S × ∆ m such that, for each T ∈ S, T ⊂ S, and each face F of ∆ m , the intersection W ∩(T ×F ) has codimension
Assume that each S ∈ S 0 is a normal crossing scheme. Let z
the conditions on S and W imply that the relevant cycle intersection products are all defined, so that z q (q) really is a functor. We have the surjective natural transformation of functors
Lemma 3.8. Suppose that 1. Each S ∈ S 0 is a normal crossing scheme. 2. If S ∈ S 0 has irreducible components S 1 , . . . , S m , then each S J is in S 0 .
Then there is a unique isomorphism
such that, for S ∈ S 0 smooth, and
commutes. In addition, we have
Proof. Since z We apply the lemma to construct a functorial cycle class map from motivic cohomology toétale cohomology. We first illustrate the simplest case, that of a smooth, quasi-projective variety X. We take S = S 0 = {X}. We have the diagram of functors from C(S 0 , S) op to C(Ab):
where α is the canonical map, and β is the composition of the canonical inclusion G * . By Lemma 3.8, the map α is a quasi-isomorphism. We now apply the above diagram of maps to the cosimplicial scheme X × ∆ * . By Example 3.3(2), we have
By Remark 3.2, and the homotopy property forétale cohomology, the augmentation to X induces a quasi-isomorphism
. Taking cohomology, we have the mod m cycle class map
. Assuming X affine, we may enlarge the set S without changing the cohomology of z q (q) (X × ∆ * ); from this, one easily sees that cl q is natural for affine X. We will discuss the naturality in general in the next section. We may also modify the construction, by restricting the support throughout to a fixed closed subscheme W of X. This gives the version with support in W ,
. A similar construction gives an extension of the cycle class map to the setting of relative cohomology of normal crossing schemes (including the case of relative cohomology for smooth schemes). Indeed, let Y be a normal crossing scheme, Z 1 , . . . , Z n closed normal crossing subschemes such that each Z I is a normal crossing scheme. Let S be a set of closed subsets of Y containing all the Z I , and let S 0 be a subset of S satisfying the conditions of Lemma 3.8; one easily sees there always exists such an S 0 . We have the diagram (3.1) of functors from C(Y, S) op to C(Ab), with cyc q [−2q] an isomorphism, and α a quasi-isomorphism. We thus get a similar diagram upon evaluation at (Y × ∆ * ; Z 1 × ∆ * , . . . , Z n × ∆ * ). The homotopy property forétale cohomology gives, as above, the quasi-isomorphism
. Taking cohomology, we have the cycle class map
By construction, the cycle class map for relative cohomology is compatible with the maps in the long exact relativization sequences for motivic cohomology and etale cohomology. Similarly, the cycle class map is natural with respect to the restricted functoriality as described in §2.5. If Y is smooth and affine, and if all the Z I are smooth, then the moving lemma for motivic cohomology [11, Chap. II, Theorem 3.5.14] allows us to increase S, giving us naturality in general. Finally, since the cycle map with supports is covariantly functorial for proper maps, we have the commutative diagram
is the Gysin isomorphism (2.5), and i 3.9. Motivic Complexes. We conclude the discussion of the cycle class map by giving a refinement of the cohomological cycle class map described above to a natural map in the derived category, D − (Sh X ) of Zariski sheaves on a smooth quasi-projective k-scheme X.
The complexes Z q (−, * ) are functorial for flat maps; in particular, for a smooth quasi-projective scheme X, we may form the complex of sheaves of abelian groups U → Z q (U, * ), which we denote by Γ(q) X . The natural map
is a quasi-isomorphism, since H p (R, Z(q)) = 0 if p > q, for a regular local k-agebra R.
Let : Xé t → X Zar be the change of topology map. Evaluating the diagram (3.1) on U × ∆ * for U open in X and truncating gives the map in
Since the complexes Z q (U, * ) satisfy Mayer-Vietoris for Zariski open covers, the natural map
is an isomorphism, and similarly with coefficients mod m. The cohomological cycle class map for X is thus the map on H * induced by cl q X , followed by the natural map
Remark 3.10. Since a smooth k-scheme is locally quasi-projective, the complex of sheaves Γ(q) X and the cycle map (3.3) have canonical extensions to essentially smooth k-schemes. All the properties of the cycle class map for smooth quasiprojective varieties described above are easily shown to extend to essentially smooth k-schemes.
The semi-local n-cube
By taking relative motivic cohomology and relativeétale cohomology on the semi-local n-cube, we relate the Bloch-Kato conjecture to the Beilinson-Lichtenbaum conjectures.
4.1.
The semi-local n-cube. We write n for the affine space Spec k[t 1 , . . . , t n ]. Let v be the set of points ( 1 , . . . , n ), j ∈ {0, 1}, of n , R n the semi-local ring O n,v andˆ n the semi-local scheme Spec R n . Letˆ i;
n be the subscheme ofˆ n defined by the ideal (t i − ), ∈ {0, 1}. We define the set of subschemes T n ofˆ n by
n | i = 1, . . . , n; ∈ {0, 1}}. We order the subschemes of T n by settinĝ n . As in §2.4, we writeˆ n,I for the intersection ∩ r s∈Iˆ n,s . Using the coordinates t j , j ∈ I, in the standard order identifiesˆ n,I withˆ n−|I| . Via this identification, we let T s n,I
denote the set of subschemes ofˆ n,I corresponding to T s n−|I| .
Relativization sequences.
Identifyingˆ n−1 with the faceˆ n,s ofˆ n gives us the fundamental relativization sequence
n−1 , Z/m(q)) → We have similar sequences forétale cohomology. We will rely on the fundamental surjectivity property, proved in [7] , Remark following Corollary 4.3, Lemma 4.3. For all n ≥ 1 and all q ≥ 0, the restriction map
is surjective.
4.4.
Cycle maps forˆ n . We are now ready to relate the mod n relative motivic cohomology and mod n relativeétale cohomology forˆ n . We write 1 for the point (1, . . . , 1) ofˆ n . We have the following version of a part of the Beilinson-Lichtenbaum conjectures [12] :
are isomorphisms for all p ≤ a, and for all finitely generated field extensions F of k.
Lemma 4.6. Suppose BL a is true for 0 ≤ a < q. Then the cycle map
Proof. Write A for A n k , and let A (b) denote the set of codimension points of A which are not inˆ n . The standard constructions of Bloch-Ogus [4] give the augmented Gersten complex for motivic cohomology
By the argument of [15] , these complexes are exact. Let π : A → Spec k be the structure morphism, and i : 1 →ˆ n the inclusion. The composition
being the identity, we may split off the first term in both the Gersten complexes, giving the exact Gersten complexes This together with our hypothesis proves the lemma.
Lemma 4.7. Suppose that BL a is true for 0 ≤ a < q. Then the cycle map
Proof. We prove more generally that the cycle map
is an isomorphism for all p ≤ q and for 1 ≤ s < 2n. We proceed by induction on s and n.
We have the relativization sequence
n−1 , Z/m(q)) → and a similar relativization sequence forétale cohomology. The appropriate cycle class maps define the map of the motivic sequence to theétale sequence; induction reduces us to the case s = 1.
since Z q (1; 1, * ) is the cone on the identity map, we thus have the isomorphism
n , Z/m(q)), and similarly for relativeétale cohomology. The compatibility of the cycle class maps with the relativization sequence
together with Lemma 4.6, shows that the cycle class map
Lemma 4.8. Suppose that BL a is true for 0 ≤ a < q. Suppose further that, for all finitely generated field extensions F of k, the cycle maps 
1.
For all finitely generated field extensions F of k, the cycle maps Proof. We first show how (1) implies (2) . Since m is prime to the characteristic of k, it suffices to prove (2) for the perfect closure of each finitely generated F ; we may then replace k with F , so it suffices to prove (2) for F = k. We have the relativization sequence
and a similar sequence for theétale cohomology groups. The compatibility of the cycle class map with the relativitization sequences, together with (1) and Lemma 4.7 proves (2). To prove (1), we have the relativization sequence
where the surjectivity is given by Lemma 4.3. We have a similar sequence forétale cohomology, possibly without the surjectivity on the right. The map
is an isomorphism by Lemma 4.7, hence surjectivity of
. We now proceed by descending induction on the cohomology degree. Fix an integer p < q, and suppose that cl
is an isomorphism for all a with p + 1 ≤ a ≤ q and for all n. We have the relativization sequence
and also forétale cohomology. As we have the isomorphism
for all a ≤ q, the map cl
is surjective; as n is arbitrary, the map
is surjective as well, hence cl
Surjectivity
We now complete the discussion, by showing how the Bloch-Kato conjecture for fields implies the surjectivity condition of Lemma 4.8. (X; Y 1 , . . . , Y n ), which is defined as the total complex of the double complex
with F i (Y I ) in total degree i + |I|. The relative complexes F (X; Y 1 , . . . , Y n ) are natural in F , and have the functorialities described in §2.5. We have as well the subcomplex
be the inclusion of the faces t s = 0 and t s = 1 intoˆ n . We have the identities
Similarly, we define projection maps for 1 ≤ s ≤ n and 1 ≤ s < n, respectively,
The following identities hold
We let C(n) be the subcategory of Sch k with objects the subschemes ofˆ n of the form ∂ 
are split; the splittings are natural in F .
Proof. We can assume that the proposition holds forˆ n−1 and proceed by induction on s. We will prove the proposition for ∂ˆ n ; the proof forˆ n is exactly the same, replacing ∂ˆ n withˆ n , and is left to the reader. By contravariant functoriality, there are maps
For s ≤ 2n, consider the following commutative diagram of complexes:
If we can show that the map φ is naturally split surjective, then the second statement of the proposition follows, and all rows of the diagram are distinguished triangles of complexes (in fact the upper row is a short exact sequence of complexes). Since by induction the two right vertical maps are quasi-isomorphisms, the left vertical maps will be a quasi-isomorphism as well. Consider the following diagram, where ι s = j * s , i * s−n for s ≤ n and s > n, respectively, and ρ s = p * s , q * s−n for s ≤ n and s > n, respectively. 0 0
ker . Then α can be viewed as an element of F (ˆ n,s ) mapping to zero under ι t for t < s. Lift α toᾱ in F (∂ˆ n ) by ρ s . We have to show thatᾱ lies in the kernel of ι t for t < s. But this follows from (5.2) for t < s ≤ n:
For s > t > n this follows from (5.3):
and for t ≤ n < s, Proof. Take a closed embedding of X into the semi-localization A of an affine space A N k , and let X h be the henselization of A along X. Let i h : X → X h be the inclusion and let F be a torsionétale sheaf on X h . It follows from [6, Theorem 1] (see also [16] ) that
is an isomorphism. Since X and A are affine, X h is a filtered projective limit of smooth semi-local k-schemes of finite type. Since H ṕ et (−, µ ⊗q m ) maps filtered projective limits to filtered inductive limits, the result follows.
is a surjection for all fields F finitely generated over k, and that the map cl q−1 :
) is injective for all fields F finitely generated over k. Then the cycle class
is surjective for all n.
Proof. Let R be the semi-local ring of finitely many smooth points on a algebraic variety X. By Bloch-Ogus theory [4] , we have the exact Gersten complex
and a similar exact Gersten complex forétale cohomology. From the compatibility of the cycle class maps, and our assumption, the cycle class map cl q :
is surjective. By Lemma 5.4, and the functoriality of the cycle class map, the map cl
is surjective for all n. We have the commutative diagram
where s is the natural splitting given by Lemma 5.3, and i is the inclusion of the face t n+1 = 0.
We recall thatétale cohomology satisfies Mayer-Vietoris for unions of closed subschemes. Indeed, suppose Z = Z 1 ∪Z 2 , with Z i closed in Z, let p : Z 1 Z 2 → Z be the evident map, and let i * : Z 1 ∩ Z 2 → Z be the inclusion. Since p is finite, we have 5.6. The main theorem. We can now give the proof of our main result Theorem 1.1. We proceed by induction on q, the case q = 0 being trivially satisfied. is an isomorphism for all fields F finitely generated over k, and for p ≤ a < q (we are indebted to B. Kahn for pointing out this reduction).
Let R be the local ring of a smooth point on a k-variety X of finite type. To prove the main theorem, it suffices to show that the map via the maps cl * and using the isomorphisms (5.6), we reduce to the case of a finitely generated field F over k. Lemma 4.8 and Lemma 5.5 together with the isomorphisms (5.6) complete the proof.
Remark 5.8. The idea of using Gabber's rigidity theorem to pass from a version of the Bloch-Kato conjecture for singular schemes to the usual version is due to R. Hoobler, who used this argument to extend the Merkerjev-Suslin theorem (which is the Bloch-Kato conjecture for weight two) to arbitrary local rings. See [5] .
Remark 5.9. Let Γ X (q)é t denote the sheafification of Γ X (q) for theétale topology on X. One can rephrase the conclusion of Theorem 1.1 as the assertion that the natural map
is a quasi-isomorphism for 0 ≤ a ≤ q. Indeed, it follows from the rigidity result of [1] [Lemma 11.1] that, for π : X → Spec k the structure morphism, the natural map
is a quasi-isomorphism. It follows from the Suslin-Voevodsky theorem relating Suslin cohomology andétale cohomology [18] [Corollary 7.8], together with Suslin's comparison of Suslin homology and motivic cohomology [17] , that the cycle class map induces a quasi-isomorphism
for k algebraically closed of characteristic zero. This gives us the natural quasiisomorphism ofétale sheaves on X µ ⊗a m → Γ X (a)é t ⊗ L Z/m.
